Elasto-Plastic Stresses in Thick
Walled Cylinders

In the optimal design of a modern gun barrel, there are two main objectives to be
achieved: increasing its strength-weight ratio and extending its fatigue life. This can be

Joseph Pel‘l‘v carried out by generating a residual stress field in the barrel wall, a process known as
autofrettage. It is often necessary to machine the autofrettaged cylinder to its final con-
Jacob Aboudi figuration, an operation that will remove some of the desired residual stresses. In order to
achieve a residual stress distribution which is as close as possible to the practical one, the
Department of Solid Mechanics, following assumptions have been made in the present research on barrel analysis: A von
Materials & Systems, Mises yield criterion, isotropic strain hardening in the plastic region in conjunction with
Tel-Aviv University, Ramat-Aviv 69978, Israel the Prandtl-Reuss theory, pressure release taking into consideration the Bauschinger

effect and plane stress conditions. The stresses are calculated incrementally by using the
finite difference method, whereby the cylinder wall is divided into N-rings at a distance
Ar apart. Machining is simulated by removing rings from both sides of the cylindrical
surfaces bringing the cylinder to its final shape. After a theoretical development of the
procedure and writing a suitable computer program, calculations were performed and a
good correlation with the experimental results was found. The numerical results were also
compared with other analytical and experimental solutions and a very good correlation in
shape and magnitude has been obtaindaOl: 10.1115/1.1593078

Introduction autofrettage caused by frictional forces would not affect the re-
Increased strength-weight ratio and extended fatigue life are t?élttgfroeft;géo-dlmenswnal calculation compatible with hydrostatic

[pﬁ'n obJectt)lves O.f gpt":]sl deS|gnt.for the rgodlter? gunf k?gr.re. After the theoretical development of the procedure and the sub-
ese can be carried out by generating a residual stress field in {4 ,ant writing of an appropriate computer program that includes
barrel wall, a process known as autofrettage.

> . a machining simulation, calculations were performed with results
There are two principal autofrettage processes. One is “hydrggpiniting a good correlation with the experimental data.
static,” based on the use of high hydrostatic pressure that is ap-

plied inside the tube and the second is “swaging,” which is based
on the use of an oversized mandrel forced through the tube bore, ) )
thereby causing it to expand. Analytical Solution

The residual stresses, which have a compressive effect on theg it was previously assumed, the autofrettage is performed

internal barrel surface, increase the barrel elastic strength pressyfn the cylinder remains open, namely plane stress conditions
and slow down the development of cracks. Furthermore, it [fevail (5,=0). Under this condition the elastic stresses are

sometimes necessary to machine the barrel to its final dimensioggen by the Lamequationg10],
which reduces the contribution of residual stresses.

Since the basic data for calculating elastic strength pressure and a’P b? a’p b?
fatigue life are derived from a precise distribution of the residual 0p= b?— a2 += Ur=b2_ Ay b
stresses, a theoretical solution for these stresses must be as close a r a
as possible to the practical one. Although there are many solutigpsthe inelastic region, the total strain is composed of elastic and
which deal with the problem of determining stress distributiorplastic strains,
none of them are completely satisfactory, since they are all based R .
on certain assumptions on yield criteria and other effects. e=ertel, ey=eptel. (2)

The simplest and most general theoretical treatment of the P&sing Hook's Law and compatibility equations. we get
tially plastic thick-walled cylinder has been the use of the Tresca 9 P ¥ €a ' 9

@

r

yield criterion, and the assumption of the elastic-perfectly plastic E du
material, without the Bauschinger effgdt—3]. o= > (E—sr)-i-v(——e’;) ,
Using the von Mises or Tresca vyield criteria together with a 1-v A3)

certain Bauschinger effect paramefér-8|, a more precise solu-
tion for residual stress was developed, and a good correlation with (278 ) +o ﬂf ep)
the experimental results was achieved. ro ¢ dr '

The basic assumptions of the present research for the barrel ) . . ) )
analysis are: the von Mises yield criterion, isotropic strain hardN€ Stresses in both elastic and inelastic regions are governed by
ening in the plastic region in conjunction with the Prandtl-Reud§€ equation of equilibrium,
theory, pressure release taking into account the Bauschinger

E

op=——
1-v?

do, o—0y

effect [9], and plane stress conditioiisften called “open end” d + =0. 4)
conditions. r r

It is also assumed that the longitudinal stresses in the swaggpstituting Eqgs(3) into Eq. (4), we obtain
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1000 For plane stress, the boundary conditions are
0 0.02 0.04 006 008 0.1
. (01)i=p=0 (0¢)r—a=—P. (11)
Strain
Using these boundary conditions the stress equaii8nsan be
written as
Fig. 1 Universal stress strain curve
du ; Ua 1-v?
a a_(sr)a—"_v 3_(8(9)a == E P, (12)
deP  def) 1-v o 17v du Py 4 Yo p )_0 13
F=ar tvar tr s T g dr/, (e)ptv| 5= (29l =0. (13)

This is a differential equation for displacement, which can be Substituting the central difference form of the boundary deriva-
solved when the functiofF of the plastic straing and eP is tives into Egs(12) and(13), one obtains
known. Plastic strains can be found using the Prandtl-Reuss

; 2(Ar)v
theory[11], which assumes that U=y + ( a) up— ZK,
deP=d\S;, (6) i (14)
1-v
whered\ is a scalar multiplienot a constant This scalar is ZK=2(Ar)| (eP)1t+v(eh),— g Pl
found using the assumption of a universal stress-strain curve re-
lating to two scalar quantities: the effective stresand the inte- and
gral of the effective plastic-strain incremeatP, namely
2(Ar)v
. - UN+2:UN_TUN+1+ZKNx
o=H fdsp, @) (15)
_ o o ZKN=2(A0)((eP)n+1+v(s)n+1)-
where H is the plastic portion of a uniaxial tensile test curve, o ) )
defined as a universal stress-strain cuivig. 1). Substituting Egqs(14) into Eq. (10), one obtains
The multiplierd\ can be determined as follows:
(b 2(Ar)v s 2K
defdel =(dM)2S;- S, 1tag Ug+(cyt+ag)uy=S;+ay(ZK)
3 2 or
2_ 25—
3 (de?)7=(dN)"z 0" (by)gus+(C1)Uy=(Sp)s- (16)
Thus Substituting Eqs(15) into Eqg.(10), one obtains
_ 2(Ar)v
dh:gd_g):ﬁjg ®) (aN+1+CN+1)UN+(bN+1*CN+1T Un+1
2 o0 20H’
o =Sn+17 Cn+1(ZKN)
whereH’ =do/deP is the slope of the universal curve of EQ)
at the current value of.
The plastic strain increment is given b
P gven oy (@ 1)U+ (Bys 1)Uy 1= (S o)y (17)
p _3 deP Equations(10), (16), and(17) can be written in matrical form
dej=5 & Si- 9)
A-U=S (18)
This equation is essential for solving the autofrettage problem, .
. = . - while
Knowing or assumingde? we can easily calculate the plastic
strains €F ;%) and then use them iR for solving the differential u, (S))s
equation(5). U, S,
The differential equatiofb) can be solved fou(r) by the finite u=| : s .
difference methodl12]. To this end, let us divide the cylinder wall - - '
into N rings at a distancAr apart. Substituting the central differ- Un Sy
ence form of the derivatives into Eg&), one obtains Un+1 (Sn+1)s
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The solution of Eq(18) determines the displacement distribution 0
throughout the cylinder wall. Knowing the displacement and us- 0.000 0.003 0.008 0009 0.012
ing Egs.(3), we can find the stress distribution throughout the .
cylinder wall. Strain
The numerical solution of autofrettage problems comprises of

Fig. 2 Compression yield point versus tension plastic
deformation

four stages:
i. pressure loading—plastic strains determination;
ii. pressure unloading—residual stresses determination;
ii. material removal—final residual stresses determination;
iv. elastic strength pressutESP determination. yield point. Figure 3 is used in the following manner: once the
To start the incremental pressure loading, the critical pressuyield point is determined from Fig. 2, it is located on the curve of
of plastic yielding is determined from Fig. 3, after which the strain hardening is determined, following
) the right portion of the curve. This stress-strain curve is the cor-
b _oy(1—(@/b)’) respondingH function in compression.
er \/m : When yielding during unloading takes place, the stresses are
calculated in the same way as during the pressure loading stage
At every incremental step, a convergence process is perform@gscribed above. When the pressure reaches zero, we are left only
such that with the residual stresses distribution in the autofrettaged cylinder
= _ (Fig. 4.
f(oi)ns1=0ns1=H(eR,0) In order to calculate the residual stresses after machining, an
is satisfied, wherd(oy;) is the function of the von Mises yield analytic simulation method for changing the cylinder configura-
criterion. tion was developed. Using the method of finite differences, the
The convergence process starts with the assumption that
(def)n=(def})n+1 and, after finding the new plastic strains, the

(19)

stresseSc(-ij):1+1 are determined. Thede? is increased by 10%,
the strains (isi”j In|+1 are calculated, and again, the stresses 1200
(oj)1 1 are found. o //
Knowing the variance in effective stresses caused byd#fe 7 900 L
modification,KC, the “coefficients of influence,” is calculated, % /
> 600
W|=f(0'ij)'—f(0'ij)”, g /
W= (o)~ ()", B 300
WM=f(aij)”7f(F)”, (20) 0
WM
WG= ' 0.00 0.01 0.02 0.03
1+WI/WJ Strain
KC=WG/WJ.
The final effective strain increment will be Fig. 3 Compression stress-strain curve beyond the yielding
. J— point
(de”)"'=(deP)'(1-0.1(KC)) (21)
and the final value of the effective strain will be 900
(€P)ps1=(eP)+(de?)". (22) 600 \ | VonMises |
Using those effective strains we obtain the convergence stresses | & 300 ¢
such that £ 0 N
[
_ @ ™~
f(O‘“)”l :H(sp)lll . e }
o T ne . g 0 Radial ||
In th_e u_nlogdlng stage, pressure is decrea_sed m_cre_mentally, -600 Tangential
while yielding is determined at each step. The yield point in com- ‘
pression depends on the amount of plastic deformation, which -900 T
occurs during tensiofFig. 2). The curve of Fig. 2 is obtained by 75 90 106 120 135 150
a uniaxial tension compression cycling test, during which the Radius (mm)
stress-strain curve beyond the yielding point is also established

(Fig. 3. Figure 3 was generated from the average of the stress-
strain curves in the compressive part, starting from the saturatipig. 4
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Residual stresses distribution after pressure unloading
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Fig. 5 Residual stresses distribution after machining Fig. 7 Measured and calculated tangential stresses

cylinder was divided intoN rings, defined by the radii,;n ence between the measured residual stresses by the Sachs method
=K,K+1,...N,N+1 (at the beginningK=1). Machining is [7] and the calculated one cannot be detected. Nevertheless the
simulated by removing rings from the cylinder wall by changingresent method was employed for comparing the calculated re-
K and N, while the stress distribution is found from using thesidual stresses with the measured ones by the Sachs nj&fhad
finite difference method. When changes Knand N bring the the same manner as in R¢7], and again good correlation was
g)llsht?l?)(lejilé?] (l}:sigdeglgse%tgltré?llqésgape, the resulting residual stressrgﬁnd, as shown in Fig. 8.
) . X : Residual stresses in a fully overstrained cylinder in which the
It should be mentioned that Parker et H] determined the tio of the outer to the inner diameters igr@ade of SAE 4340

residual stresses after the removal of the material from the ext . o
nal and internal surfaces, and they detected a dependence on> ﬁgl the yield strgngth of Wh'Ch is 1050 MPaere calculated
ng the conventional analytical methf®] and the present nu-

sequence of material removal. Our calculations indicate that sueH™ : . . S
dependence is not obtained from the present method of analy: erical one, see Fig. 9. Itis _clearly seen Fhat there is no significant

Finally, by increasing the pressure until plastic yielding i ference betvyeen the radial stresses in the two cases, bu.t the
achieved, and taking into account the secondary Bauschinger %gsent numerically calculated tangential stresses differ consider-

fect (the effect of yielding in compression on the subsequent yie gﬁgﬁggg??[ygiﬁ;I)%V:/teerdvk?:/ugfa_{g? the bore surface. The same
point in tension, we get the maximal stresses distributi@ig. 6) To investigate which parameter affects this difference mostly,

p
while the von Mises stress on the bore surface is the maxim . e
allowable internal pressure. L{We Bauschinger effect was eliminated from the computer program

and the resulting stress distribution was calculated, see Fig. 10. In
. . . this case there is no significant difference between the two meth-
Experimental Results and Discussion ods and the tangential stresses match completely the analytical
The residual stresses in the autofrettaged cylinder were detessidual stresses for the Tresca and von Mises criteria reported by
mined by machining the internal diameter and measuring tiEavidson, Kendall, and ReingB]. To investigate how the over-
strain changes on the outer diamettte Sachs method13]. strain level affects the Bauschinger effect, the maximal tangential
Using the method developed in this research, the residual stressasdual stresses on the bore surface were calculgigdll) with
in the same cylinder were calculated and a very good correlatiand without the Bauschinger effect. It is clearly seen that the
of shape and magnitude was fouffdg. 7). The small deviation in reduction of the residual stress due to the Bauschinger effect in-
the stress values is apparently caused by the longitudinal residoi@ases with the increase of the overstrain, apparently because of
stresses due to swage autofrettage, as was reported by Davidgom reversed yielding.
Kendal, and Reindr3]. It should be mentioned that in the present
case the initial residual stresses in the cylinder under investigation
were in the elastic domain. Consequently, the significant differ-
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Fig. 8 Overestimate in Sachs’ residual stress predictions aris-
ing from Bauschinger effect—comparison with experimental
Fig. 6 Pressurized cylinder maximal stresses distribution results
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Conclusions
1. Application of the von Mises yield criterion, isotropic strain

hardening in conjunction with the Prandtl-Reuss theory, pressure
release taking into account the Bauschinger effect, and plane
stress conditions were found to be suitable for predicting stress

distribution in a thick-walled autofrettaged cylinder.

2. The von Mises yield criterion and strain hardening does not

affect the residual stresses distribution significantly.

3. The Bauschinger effect affects significantly the tangential

stress

pressure

bore radius
outside radius
variable radius
strain

Young's modulus
Poisson’s ratio
radial displacement
mean stress
effective stress
effective strain

Slne e Mo ~oco TS

€

residual stress distribution, expressly with overstrain increase. Subscripts

4. The finite difference method is very effective in solving au-
tofrettage problems numerically, especially in numerical simula
tion of cylinder machining.

radial directions
tangential directions

®T -

= plastic zone
= elastic zone
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